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Topological insulators prevent current from passing through, but also ensure that it

flows unimpeded from contact to contact on their surface. The combination of ideas
from topology and band theory to explain and generalize this peculiar behaviour has
had a transformative effect on condensed matter research.

simple explanation of why some solids con-

duct electricity and others are insulators,

Bloch’s band theory of electrical conduction,

was one of the first triumphs of quantum
mechanics. It form the basis of the semiconductor in-
dustry, and fails only in surprisingly few cases. Focusing
on the atoms in the bulk of the crystal, it predicts that a
material is an insulator if it has an energy gap separating
fully occupied bulk bands from fully empty ones.

Even band insulators can conduct electricity if, due to
some special conditions, they have extended electronic
states on their surface with energy in the bulk gap. Atoms
on or near the surface have a different environment from
those in the bulk, so the bulk energy gap does not exclude
the possibility that orbitals of surface atoms hybridize
and form a conducting layer. Such conduction is in most
cases very sensitive to sample fabrication conditions, or
to disorder, which through Anderson localization causes
extended energy eigenstates of electrons on the surface
to break up into small parts.

Topological Insulators [1-3] are band insulators which
have robust conduction via surface states,a phenomenon
that is linked to topological defects in the bulk Brillouin
Zone. Topological insulators can be 2-dimensional, as is

the case in the Quantum Hall Effect, but also 3-dimen-
sional with robust conducting surfaces, like BiSb alloys[4],
or one-dimensional, like the Su-Schrieffer-Heeger model
for polyacetylene[5]. Theoretical constructions exist for
topological insulators in any dimensions, an example be-
ing the 4-dimensional Quantum Hall Effect[6], whose
delocalized “surface” states are 3-dimensional.

The first topological insulator:

the quantum Hall effect

The first example for an insulator with surface states
that ensure conduction is the Quantum Hall Effect (von
Klitzing, 1980). Here, a two-dimensional semiconductor
is turned insulating by a strong magnetic field that con-
fines the motion of electrons in the bulk by the Lorentz
force. Atlow enough temperatures, as the magnetic field
is increased further, the sample turns conducting, then
insulating, then conducting, and so on: it undergoes a
sequence of phase transitions. In an insulating phase, even
though the bulk does not conduct, there is a current flow-
ing along the edges of the sample, in an integer number
of one-way conducting quasi-1-dimensional channels,
as shown in Fig. 1. The various insulating phases differ
from each other in the number # of edge state channels
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» FIG1:Ina Quantum
Hall insulator,
electrons can carry
current from contact
to contact (a) even
though they cannot
pass through the
bulk, by bouncing
along the edge.

The states on the
edge form discrete
channels, which

can be revealed

by the dispersion
relation (b) of a part
of the sample with
translation invariance
along x (dotted
rectanglein (a)).
Energy eigenstates
localized near the
upper (red) and lower
(blue) edge of the
sample form branches
of the dispersion
relation, and show
that propagation
along each edgeisin
one direction only.

I epnag/a

TR T0PoLOGICAL INSULATORS: HOW THE DEEP CONTROLS THE SUPERFICIAL

on each edge, which lead to a very precisely (9 significant
digits) quantized value of Hall conductance: U, syerse =
nl2¢’/h,as revealed by 4- and 6-terminal measurements.

Having a discrete integer associated to a bulk insulator
hints at a topological invariant hiding behind surface state
conduction in the Quantum Hall Effect. The explanation
was given in the first years of the 1980’s, and was part
of the reason Thouless was awarded the Nobel prize in
physics in 2016. Thouless et al. have shown([7] that the
number of edge state channels, i.e., open channels at the
boundary of the sample, is given by the net number of
topological defects (of the Berry connection) in the Bril-
louin Zone, counted by the first Chern number of the
occupied bulk bands.

In the decades since the discovery of the Quantum
Hall Effect more examples have been found where robust
edge states appear in tandem with nontrivial bulk Bril-
louin-zone topology. Haldane (another of 2016’s Nobel
laureates) has shown using a toy model[8] that a net ex-
ternal magnetic field is not required. A large boost to this
line of research was given by Kane and Mele [9] who have
shown that these phenomena do not require any breaking
of time-reversal symmetry, which was experimentally
demonstrated[10,11] on a thin layer of HgTe.

Topological invariants of band insulators
The reason why some insulators are “topological” is that
they have fopological invariants. A topological invariant
is an integer-valued property of the sample that cannot
change under so-called adiabatic deformations: a con-
tinuous change of either the sample’s shape or its pa-
rameters, with the bulk gap not closed, and the relevant
symmetries respected. Topological invariants thus rep-
resent obstructions against adiabatically deforming the
sample to an atomic insulator — a material that consists of
disconnected unit cells. The topological invariants come
in two flavours: those associated to the boundary of the
sample and those associated to the bulk.

The boundary topological invariants of topological
insulators quantify the robust physical properties of
the surface of the sample. The invariant is essentially
the number of protected surface states. For topological

insulator wires, it is the number of edge states with pro-
tected energy, for two-dimensional topological insulators,
the value of surface conductance in units of the conduct-
ance quantum, while in three-dimensional case, it is the
number of Dirac cones on the surface. The surface states
are topologically protected in the sense that their number
(or other properties specified by the invariant) cannot
change under adiabatic deformations. Topologically pro-
tected surface states constitute an obstruction against
adiabatic deformation to an atomic insulator, since in
atomic insulators the surface is no different from the bulk,
and so they cannot host surface states in the bulk gap.

The bulk topological invariants are easiest to define
for disorder-free, noninteracting systems, where they
can be accessed through the description of the energy
bands. Each energy band is a mapping from the toroidal
Brillouin Zone to the internal Hilbert space, since each
plane-wave energy eigenstate not only has an energy
but also some orbital and spin structure. This mapping
is smooth, but can have topological defects, which can
present obstructions to smoothly connect the mapping
to the trivial mapping, i.e., where all plane waves in the
band have the same orbital structure, corresponding to
the atomic insulator. It is the number of these topological
defects, e.g., twists, vortices, skyrmions, of some function
of occupied bands over the Brillouin Zone, that is the
topological invariant of the bulk - for an example, see
Fig. 2.When the bulk is disordered, defining its topologi-
cal invariants becomes more tricky,and can be done, e.g.,
using suitably defined scattering matrices[12].

Bulk-boundary correspondence

The two invariants of topological insulators, that of the surface,
and that of the bulk, are connected by the bulk-boundary
correspondence, which is at the heart of the theory of top-
ological insulators. For the Quantum Hall Effect, this corre-
spondence is the finding of Thouless that the net number
of edge state channels is given by the Chern number of the
bulk. This type of connection persists for topological insula-
tors of any dimension or symmetry class, e.g., between the
number of topologically protected edge state channelsand the
bulk Z, invariant in time-reversal invariant two-dimensional
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topological insulators, or the bulk sublattice polarization and
the number of edge states in the Su-Schrieffer-Heeger model
for polyacetylene. Bulk-boundary correspondence is often
loosely stated as a topological phase transition in space. Since
there is no way to adiabatically deform insulators with differ-
entbulk topological invariants into each other, ata smooth in-
terface between them, where the parameters are varied slowly
in space, the bulk gap must close and hence there have to be
edge states. Nevertheless, turning this loose argument into a
precise statement is not straightforward, as bulk-boundary
correspondence should apply to the physical edges of the
material (boundaries with vacuum) as well as to interfaces
where the spatial variation of the parameters is abrupt. Thus,
bulk-boundary correspondence becomes a deep statement,
requiring more complicated tools, such as connecting charge
pumping with edge states[13], and whose rigorous proof is
ongoing work.

Topological superconductors,

and the full classification

Superconductors can also display the bulk-boundary
correspondence characteristic of topological insulators,
if instead of the electric charge, one considers more gen-
eral single-particle excitations. Although an electron can
travel across a superconductor, it can only do so by taking
another electron with it with which it can form a Cooper
pair. In a mean-field picture this happens via a so-called
Andreev reflection, where an incident electron is reflected
asahole. A superconductor is then described in an extend-

ed space of electrons and holes as a band insulator, by the
so-called Bogoliubov-de Gennes Hamiltonian. Bulk top-

ological invariants can then be associated to superconduc-

tors from the energy bands of the Bogoliubov-de Gennes

Hamiltonian (or using the scattering matrices or other
approaches). The corresponding topologically protected
surface states are electron-hole superpositions, which
have a close analogy with Majorana fermions[14]. Such
solid-state Majorana fermions can be created and manip-
ulated in semiconducting quantum wires proximitized
by ordinary superconductors. Because of the topological
protection of the energies of these states, they are seen as
a promising path for building a quantum computer[15].
The complete classification of universality classes of
topological insulators and superconductors[16-18] was
one of the milestones of condensed matter theory in the
previous decade. For band insulators of any dimensions it
has been identified what combination of nonspatial sym-
metries (time-reversal, particle-hole, or chiral symmetry)
are required the system to be a topological insulator. Der-
ivations of the classification use dimensional extension/
reduction[12,16-18] to connect topological insulators of
different dimensionality. Because the requirements follow
an 8-dimensional periodicity, the classification is known
as the periodic table of topological insulators.

Extensions of the field
of topological insulators

An actively researched extension of the field of topo-
logical insulators is topological semimetals[19]. These are
zero-gap semiconductors where the conduction and valence
bands touch each other at topologically protected, isolated
points (or lower dimensional manifolds) of degeneracy in
the Brillouin zone. To see that the degeneracies in such ma-
terials are protected, one calculates the topological invari-
ant associated to a closed surface in the Brillouin zone that
encloses the degeneracy. If the invariant is nonzero, then it

«FlG2:
Atopological defect,
a skyrmion in the
Brillouin zone of a
two-band toy model
for a topological
Chern Insulator
(Qi-Wu-Zhang model,
with u=1.5 using the
notation of [13]). The
arrows are vectors
on the Bloch sphere,
representing the
orbital structure
of the occupied
band. Bearing in
mind the periodic
boundary conditions,
there is no smooth
deformation of this
field into a trivial
one, corresponding to
an atomic insulator,
where all arrows
facein the same
direction.(Source:
Laszlé Oroszlany).
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represents an obstruction to alocal adiabatic deformation of
the system that would separate the two bands. Around the
degeneracy points the dispersion relation is linear,and such
materials host analogues of Weyl fermions in the same way
as topological superconductors do for Majorana fermions.

Another direction in which the field of topological insu-
lators is pushed is to incorporate spatial symmetries, such
as inversion, or rotation. So-called crystalline insulators are
materials whose topological invariants depend crucially
on such symmetries. They host topologically protected
surface states only on surfaces that are aligned with the
crystallographic axes so that the important spatial sym-
metries are respected. Incorporating the various types of
symmetries to produce greater and greater periodic tables
of topological crystalline insulators is ongoing work[3].

Floquet topological insulators[20] are periodically
driven systems that can host edge states even if all of
their bulk bands have trivial topology. Periodic driving,
or the “shaking of the lattice” on timescale much shorter
than the timescale of the dynamics is used in experi-
ments on ultracold atoms trapped in optical lattices to
imprint complex phases on the hopping amplitudes, and
thus simulate topological insulators[21]. The effects of a
drive with a timescale longer than that of the dynamics
is more difficult to describe, and it is in this limit that
topologically protected edge states can arise even if the
topological invariants of the quasienergy bands of the
effective Hamiltonian are all trivial[22]. The simplest toy
models that display such novel topological phases are
quantum walks[23,24].

Although the theory of topological insulators relies on
quantum physics, many of the concepts carry over to clas-
sical mechanics. Specially engineered systems of springs
and sticks can contain topologically protected modes on
the edges[25] or at defects[26],and concepts of topolog-
ical insulators have been invoked to explain the origin of
equatorial waves in the ocean and the atmosphere[27].

In the last thirty-odd years, topological insulators have
had alasting impact on condensed matter physics. They
have offered us a glimpse into the rich world of phase
transitions that are not driven by a change in symmetry,
but rather in topology. Moreover, the defining physical
processes in topological insulators are “superficial’, they
take place on the boundary of a material. Nevertheless,
they are connected to the topological nature of the depths
of the material, of the bulk. Thus, in topological insula-
tors, the deep controls the superficial.
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Oroszlany, 2016).
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