Chaos in Josephson Junctions

Josephson junctions are among the
most attractive non-linear dynamical
systems for the study of chaos. The
reason is that on the one hand the sys-
tem is sufficiently non-linear to display
almost all known types of complicated
chaotic behaviour, and yet, the underly-
ing equation of motion is the pendulum
equation, which is quite simple and well
known to most scientists. The simplicity
of the pendulum model also offers a
means of visualizing the complicated
dynamical behaviour; many scientists
argue over the behaviour of Josephson
junctions by rotating their arm as a pen-
dulum, as may be observed in many con-
ferences.

Second, although the model equa-
tions are simple, they are known to des-
cribe real Josephson junctions very well,
as has been demonstrated in numerous
experiments.

Finally, there are many potential ap-
plications of Josephson junctions within
such diverse fields as microwave detec-
tors, computers, magnetometers etc.
The newly discovered high transition
temperature ceramic oxide supercon-
ductors give promise of many further ap-
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Fig. 1 — a) Equivalent diagram for the RF-
driven Josephson junction; b) RF SQUID;
c)DC sQuID.
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plications; since the new superconduc-
tors need only liquid nitrogen for cooling
they have enhanced the technological
importance of Josephson junction de-
vices and suggest a much wider use
than has been known until today. As |
hope to clarify in the following, several
of the unique applications of Josephson
junction devices involve parameter ran-
ges that are close to those where chaos
occurs. Hence, the study of chaos in
such systems is of the utmost impor-
tance for applications. A severe com-
plicationis that the magnitude of “chaos
noise” may be comparable to that of
thermal noise; further the interaction
between the two noise components is
highly non-linear, and may be extremely
complicated.

The Josephson Junction

A Josephson junction consists of two
superconductors separated by a thin in-
sulating barrier. The important variable
is the difference of the quantum mecha-
nical phase between the two sides, ¢ =
¢, — ¢,. Physically the Josephson junc-
tion may take the shape of a sandwich
type thin film component, a point con-
tact or a narrow constriction. The mate-
rials used are typically metals such as
niobium, lead, tin etc. with their natural
oxides used as the insulating barrier. The
future will most likely also show the use
of the new high transition temperature
ceramic superconductors, in Josephson
junction circuits.

The most widely investigated Joseph-
son junction system with possible chao-
tic solutions is the radio frequency (RF)
current driven junction, a description of
which may be found for example in the
recent book by Barone and Paterno [1].
Chaotic solutions are derived for certain
parameter ranges, and the literature on
this particular system has grown steadi-
ly, the contributions consisting mostly
of papers on numerical simulations. The
equation of motion for the system also
describes other important physical sys-
tems, such as synchronous motors, pha-
sed-locked loops, pinned charge density
waves, and the periodically forced pen-
dulum.

The equations for a current driven
Josephson junction with capacitance C,
resistance R, and critical current /; is
derived from Kirchhoffs law (Fig. 1a) and
may be written

Cdv/dt + V/R + I,sing

= Ipc + Ige Sinot (1

do/dt = 2eV/h.

Here I, and I, are the DC and RF bias
currents, respectively, and ¢ is the
superconducting pair phase difference
across the junction. The last equation is
the famous Josephson voltage to fre-
quency relation. These equations may
be combined into a single dimensionless
equation with time normalized to the
reciprocal plasma frequency

1w, = (2el,/AC)"2,
and current normalized to the critical
current /, [1]. (In the corresponding pen-
dulum system the plasma frequency
corresponds to the small amplitude
oscillation frequency and the critical cur-
rent corresponds to the maximum gra-
vitational torque). In the resulting equa-

tion:
d?p/dt? + (1/VB,) dp/dt + sing

=p + p, sinQt (2)
where B_ is the so-called McCumber
damping parameter given by

B.= 2eIoR2C/ﬁ,
Qs the applied frequency normalized to
the plasma frequency, p is the norma-
lized DC bias current, and p, is the nor-
malized microwave current amplitude.

An RF SQUID is a Josephson junction
shunted with a superconducting shunt
as shown in Fig. 1b. (SQUID is short
for Superconducting QUantum Interfe-
rence Device.) A DC SQUID consists of
two Josephson junctions connected in
parallel by a superconducting loop as
shown in Fig. 1c. These systems give
rise to non-linear equations somewhat
more complicated than Eqg. (2), since
third and fourth order derivatives ap-
pear; they also have a variety of chaotic
solutions.

Besides being a model system for
chaos, Josephson junctions and SQUIDs
have several potential applications such
as low noise microwave parametric
amplifiers, digital electronics, and sen-
sitive magnetometers. To exploit these
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Fig. 2— The circulator-mounted Josephson
junction parametric amplifier.

applications it is often necessary to use
parameter ranges close to those that
make the relevant equations chaotic.
Hence, investigations of chaos in Jo-
sephson junctions and SQUIDs often
serve a very practical purpose.

Noise Rise and the Parametric Amplifier

As an example we shall consider the
Josephson junction microwave parame-
tric amplifier in this section. Fig. 2 shows
a schematic diagram of such a circulator
mounted negative impedance reflection
amplifier. The signal from the input line
follows the arrow to the junction, from
where it is reflected to the output line
(along the second arrow). If the junction
has a negative resistance, the reflection
coefficientis larger than one and amplifi-
cation occurs.

By now such amplifiers at microwave
frequencies have been fabricated with
the lowest noise temperature known.
This has become possible by using our
knowledge of chaos and how to avoid it,
as obtained from numerical simulations.
However, the work leading to that result
has not been trivial.

For many vyears experimentalists
working with Josephson junction para-
metric amplifiers had been bothered by
the so-called “noise rise”, which for rea-
sons that were not understood, some-
times appeared and manifested itself as
an extremely high noise temperature
(say 10° - 108 K). Traditional noise sour-
ces such as thermal noise or shot noise
can only account for a noise tempera-
ture of a few 103K at most. It was sug-
gested by Huberman et al. [2] in 1980
that deterministic chaos might be the
origin. Now it appears that there is some
truth in the idea (3], but that interaction
with thermal noise is essential.

For a so-called three photon parame-
tric amplifier (in which the pump fre-
quency is twice the signal frequency)
the problem was investigated by careful
simulation and numerical calculations
by Miracky et al. [4]. The authors drew
the conclusion that noise in this ampli-
fier cannot arise solely from determini-
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stic chaos: To achieve gain the amplifier
must be operated at a stable bias point
below the threshold for the period dou-
bling bifurcation, and thus below the
threshold for the onset of chaos. The
observed noise rise requires the pre-
sence of thermal noise. The noise rise
originates in a thermally induced hopp-
ing between a bias point in the high gain
region (that would be stable in the ab-
sence of thermal noise) and an unstable
point in the bifurcated region. Such hop-
ping typically gives a very high noise
temperature and enhances the low fre-
quency part of the spectrum as will be
discussed in the next section.

In the recently developed Josephson
junction parametric amplifiers, where
the noise rise is avoided, the junction is
stabilized at low frequencies by a low
resistance or superconducting shunt;
hence the amplifier is conceptually simi-
lar to the RF SQUID as shown in Fig. 1b.
Noise temperatures of a few Kelvin with
10 dB of gain can now be obtained at
10 GHz.

SQUIDs and 1/f noise

In SQUIDs (Fig. 1b, c) the problem of
1/f noise is of greatimportance, asiitis in
other Josephson junction devices. 1/f
noise exists in many physical systems,
although the origin of it is not under-
stood in most cases. The possibility of a
connection between 1/f noise and chaos
— possibly thermally induced — has
been suggested and deserves attention.
The particular type of chaos possibly
responsible for low frequency excess
noise is often referred to as intermit-
tency.

Intermittency refers to qualitative
changes in the state of a system on time
scales much longer than the usual cha-
racteristic times of the system. Several
categories of intermittency have been
identified in the RF-driven Josephson
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Fig. 3 — Cell to cell mapping.
Big solid circles: attractor found
by cell mapping; small solid cir-
cle: basin of attraction for the
attractor. Curve: the strange at-
tractor found by direct numeri-
cal integration.

junction and the SQUID. For both intrin-
sic systems (without external noise) and
extrinsic systems (with external noise)
some of those modes of intermittency
may lead to a low frequency spectrum
that scales approximately as 1/f over se-
veral decades in frequency. As an exam-
ple for the intrinsic (noise free) system,
the so-called Pomeau-Manneville type
3 intermittency is generated by phase
space trajectories that diverge slowly
from a marginally unstable periodic or-
bit; the corresponding power spectrum
is close to 1/f. As another example, noise
induced (extrinsic) intermittency occurs
when a system is knocked between dif-
ferent (possibly chaotic) attractors by
an external noise source (eg. thermal
noise). An attractor is a point (for perio-
dic solutions) or a region (for chaotic
solutions) in phase space to which tra-
jectories converge and in which they re-
main trapped. In the latter case it is often
denoted a strange attractor. Such noise
induced intermittency may also lead ap-
proximately to a 1/f noise spectrum with
large amplitude.

A particular illustrative example of
noise-induced intermittency is the case
in which there are fractal basin boun-
daries, as has also been found for certain
parameter ranges in Josephson junction
systems. Imagine for example two at-
tractors in the phase plane defined by
the variables (¢,4‘>) from Eq. (2). If initial
conditions in the phase plane, that even-
tually settles on one attractor are shown
in black, and initial conditions ending on
the other attractor are shown in white,
then the fractal basin boundaries in the
phase plane will appear as alternating
stripes (regions) of black and white on
any length scale. Quite obviously with
such fractal basin boundaries small
amounts of thermal noise can kick the
system from one attractor to the other,
resulting in large amplitude 1/f noise.
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Cell Mapping

The above discussion emphasizes the
importance of investigating the global
behaviour of the system equation (for
example Eq. (2)), ie. with initial condi-
tions everywhere in the phase plane.
With each initial condition the system
may — depending on the damping
parameter — require the integration of
typically 500-1000 RF cycles before the
steady state is obtained with certainty;
furthermore, since a reasonable cove-
rage of initial conditions typically re-
quires a 100x100 element grid, the
computer time for such an investigation
becomes very expensive indeed.

A solution to this problem recently
proposed is a method called cell to cell
mapping [5]. In that method the phase
plane is divided into, for example, a two
dimensional 100 x100 grid of cells. With
given initial conditions in the centre of
one cell, say (i, j), the system is integra-
ted for one RF cycle and the final coor-
dinates are noted. These coordinates
belong to another cell which we denote
(m, n). Thus we have defined a mapping
of cell (i, j) on to cell (m, n). The mapping
of all cells in the grid is investigated that
way, each cell requiring the integration
of one RF cycle. The rest of the analysis
is sorting, a process that is relatively in-
expensive in computer time. For exam-
ple fixpoints (periodic solutions) are
found by asking if some cells map onto
themselves (possibly after several itera-
tions). The corresponding basin of at-
traction for each fixpoint is found by
tracing backwards the iterations leading
to the fixpoint. Specially interesting re-
gionsin phase space can be investigated
by doing a local cell mapping over a
smaller region.

Fig. 3shows as an example a cell map-
ping computed with a 75x75 grid of
cells. The parameters are chosen such
that the system is chaotic with a strange
attractor in the phase plane. As demon-
strated in the figure, the (period 7) at-
tractor found by cell mapping provides
an approximation to the strange attrac-
tor which has been obtained by direct
numerical calculation. The basin found
by cell mapping is almost identical to the
basin of attraction for the strange attrac-
tor. Thus the cell mapping method gives
a quick overview of the global behaviour
of the system, with a minimum of com-
puter time.

Other phenomena that require know-
ledge about the different attractors and
their basins of attraction are the so-
called crises, of which an interior crisis
and a boundary crisis have been clearly
identified in Josephson junction sys-
tems.

A crisis results when increasing a sys-
tem parameter to a critical value causes
a strange attractor to collide with an
unstable periodic orbit in phase space. It
is called a boundary crisis if the chaotic
attractor disappears as a result of the
collision. Instead it may undergo a sud-
den expansion, in which case it is refer-
red to as an interior crisis. A crisis may
also cause intermittency and thus give
rise to approximately 1/f noise beha-
viour. Crises can be observed directly by
a simple measurement of the current-
voltage curve of a Josephson junction ir-
radiated with microwaves. For example,
the interior crisis typically manifests
itself as a gradual loss of phaselock on
the so-called RF-induced current steps
at harmonics of the voltage fiw/2e. Since
the voltage of these steps are used as a
voltage standard with a precision of
about 10”7, any small loss of phaselock
will have dire consequences. Thus any
voltage standard based on Josephson
junctions must be carefully dimensioned
so as to avoid chaos. For the new types
of voltage standards with many (hun-
dreds of) series connected junctions,
this is a non-trivial problem.

Conclusion

As | hope to have demonstrated, the
Josephson junction is a marvellous de-
vice with many practical applications. It
is atthe same time a model system for all
types of chaos. Many practical applica-
tions typically involve operating close to
the onset of chaos, and the detailed
understanding of chaos in Josephson
junctions is thus important. Since
“chaotic noise” and thermal noise have
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In honour of the Past Presidents
and the Honorary Members of EPS,
the 20th anniversary of the foun-
ding of the Society and the 90th an-
niversary of the founding of the
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celebrated in a Seminar on “’Past
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1988. The meeting is open to EPS
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The Seminar which follows a
meeting of the EPS Executive Com-
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Ricci (see page 56). Further in-
formation may be obtained from
him through the EPS Secretariat in
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approximately the same amplitude, and
since their interaction is highly non-
linear, such an understanding is by no
means trivial to obtain.
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