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The formation of snowflakes, viscous fingers and electrodeposits isgoverned by analogous
equations : these structures are all Laplacian patterns. In this paper we review model expe
riments and computer simulations which are widely used to study diverse morphologies
resulting from the motion of unstable interfaces.
Far from equilibrium process resulting
in the growth of complex interfacial
structures are common phenomena in
many fields of science and technology.
Examples for the formation of such pat
terns, among many others, include den
dritic solidification when the crystalline
phase is growing in an undercooled
melt, viscous fingering which can be
observed if a less viscous fluid is injec
ted into a more viscous one and electro
deposition of ions onto an electrode. Fig.
1 demonstrates the richness of complex
interfaces which are formed under a
wide variety of experimental conditions.
The explanation for the apparently
analogous behaviour of these different
growth processes lies in the equations
which describe the motion of the inter
face. The basic equation is
V2u = 0,
(1)
where u may denote the distribution of
pressure (viscous fingering), tempera
ture (crystallization) or electric field
(electrodeposition). Equation (1) usually
corresponds to some approximations,
but it captures the essential physics.
When solving (1) one has to satisfy the
appropriate boundary conditions. The
normal velocity of the interface, vn, is
given by
vn = —k( u)n,
(2)
where k is a constant. The second boun
dary condition prescribes the value of u
on the interface Γ
ur =

- d oK -  <  '

(3 )

where the capillary length do is propor
tional to the surface tension, k denotes
the local curvature of the interface and y
is an exponent depending on the physi
cal process considered. The first term in
the right hand side corresponds to the
assumption of local thermodynamic
equilibrium, while the second, velocity
dependent term with the kinetic coeffi
cient  represents the departure from
the equilibrium. Since the concentration
of diffusing particles is also determined
by the Laplace equation (1), growth phe
nomena described by (1-3) are usually
called diffusion-limited or Laplacian pro
cesses.
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Three main approaches have been de
veloped to treat the problem posed by
equations (1-3) :
(i) Analytical methods including stability
analysis and search for solutions of
significantly simplified versions of the
original equations have been used by
many authors. Groups at University of
California, Schlumberger-Doll Research
and Ecole Normale Supérieure in Paris
have demonstrated the crucial role of
anisotropy of the surface tension in pat
tern formation and the existence of a
solvability condition which determines
the discrete set of interfacial velocities
from which the largest one is selected.
(ii) To study the geometrical properties
of very complex patterns it is more ef
fective to use various simulation techni
ques. The diffusion-limited aggregation
(DLA) model introduced by Witten and
Sander in 1981 has been shown to cap
ture the most important features of
Laplacian pattern formation with noise.
In this model randomly walking particles
launched from distant points stick to the
surface of the growing aggregate when
ever they hit it. DLA and its generaliza
tions have contributed to the understan
ding of diffusion-limited pattern forma
tion by leading to a variety of patterns
analogous to those shown in Fig. 1.
(iii) Experiments on pattern formation
are usually inexpensive and relatively
easy to carry out. There have been a
number of experiments recently which
have revealed interesting new informa
tion about Laplacian growth. In the
following we shall discuss a few recent
results obtained by the latter two ap
proaches.
A closer look at the structures dis
played in Fig. 1 suggests that the pat
terns can be ordered into specific mor
phological phases depending on the
conditions during the experiments. The
overall appearance of the patterns can
be quite different: in some cases the in
terface bounds a region which is irregu
lar but still homogeneous on a length
scale comparable with the size of the
whole structure (Figs. 1a, d and g).

For another set of the parameter
values the patterns have an open bran
ching structure (Figs. 1b, e and h) and
can be described in terms of fractal geo
metry. This is a quite common situation
in growth processes and it means that
the growing structure is self-similar in a
statistical sense and the volume or mass
of the region bounded by the interface,
M, scales with the increasing linear size
R of the object in a nontrivial way
M ~ RD.
(4)
Here D is called a fractal dimension and
is smallerthan the Euclidian dimension d
of the space the fractal is embedded in.
Of course, the above scaling in aphysical
system holds only for length scales bet
ween a lower and an upper cutoff.
What are the most important parame
ters and under what conditions do they
determine the morphological phase to
which a given growth process leads?
These are the main questions to be
answered by the studies of pattern for
mation. In the past few years much pro
gress has been made in this field and it
has turned out that the formation of pat
terns is determined by a number of im
portant parameters such as anisotropy,
noise and driving force.
The complex behaviour leading to the
development of structures has its origin
in the instability due to the moving boun
dary condition (2). For example, in a
radial Hele-Shaw cell when air (or a less
viscous fluid) is injected into a quasi
two-dimensional viscous fluid held bet
ween glass plates, the growth is driven
by the pressure gradient. The so called
Saffmann-Taylor or Mullins-Sekerka in
stability takes place in this system for
bubble sizes exceeding a characteristic
length depending on the surface tension
and the growth velocity. In this case,
whenever one part of the interface ad
vances locally faster then the surroun
ding region the pressure gradient at this
protrusion becomes larger in analogy
with the increased electric field at the tip
of acharged needle. The increased pres
sure gradient leads to a faster growth of
the interface which, in turn, results in a
further increment of the gradient. There
fore, the interface becomes unstable
against perturbations (noise) and elon
gated "fingers" grow out of it. The
fingers are getting longer and thicker
until their tips become too flat to be
stable: they split. Under specific condi
tions (viscous fingering in a random
medium or in a non-Newtonian fluid with
vanishing surface tension) tip splitting is
followed by a competition between the
new-born branches. During this process
the more advanced, longer fingers
screen the shorter ones. Since this pro-

If diffusion-limited aggregation is si
mulated on a lattice (e.g. on a square
mesh) the anisotropy — which was
shown to be relevant for Laplacian
growth — is expected to influence the
shape of the clusters significantly. In this
case the lattice axes represent direc
tions of easy growth. According to the
simulations of Paul Meakin from du Pont,
Wilmington, however, only extremely
large clusters (containing about 106par
ticles) show a tendency towards an
overall cross-shaped form. The actual
shape of lattice DLA-clusters emerges
from an interplay between fluctuation
and anisotropy.
The fluctuations in DLA can be con
trolled by the so called noise reduction
method: instead of adding the randomly
walking particle to the cluster after it hits
a growth site, one keeps counting the
trajectories terminating at a given site.
Only those sites are added to the cluster
at which the counter reaches a prescrib
ed value m. Large m corresponds to low
level of noise; the m = 1 is usual DLA.
For a fixed number of particles in the
cluster an interesting morphological
transition can be observed as a function
a

Fig. 1 — Laplacian patterns obtained under various experimental conditions. The three
major types of structure observedin the experiments on crystallization (a, b and c), viscous
fingering Id, e and f) and electrodeposition of zinc (g, h and i) are grouped into separate
columns. Isources: (1a) Ben-Jacob E., Deutscher G., Garik P., GoldenfeldN.D. and Y. Lareah,
Phys. Rev. Lett 57 (1986) 1903; (1b) Radnoczy G., Vicsek T., Sander L.M. and Grier D., Phys.
Rev. A35 (1987)4012; (1c)Bentley W.A. andHumpreysW.J., Snow Crystals, (DoverPublica
tions, 1962); (1d) BukaA., KertészJ. and Vicsek T., Nature 323 (1986) 424; (1e) DaccordG.,
Nittmann J. and H.E. Stanley, Phys. Rev. Lett. 56 (1986) 336; (1f) Ben-Jacob E., Godbey Y.,
Goldenfeld N., Koplik J„ Levine H., Mueller T. and Sander L.M., Phys. Rev. Lett. 55 (1985)
1315; (1g,i) Sawada Y., Dougherty A. and Gollub J.P., Phys. Rev. Lett. 56 (1986) 1260; (1h)
Matsushita M., Sano M., Hayakawa Y, Honjo H. and Sawada Y„ Phys. Rev. Lett. 53 (1984)
286.
cess is triggered by noise, a random pat the fingers emerging from tip splitting
tern can result from a sequence of such keep growing and the space becomes al
instabilities (Fig. 1e). Similar mecha most filled with the pattern. This phase
nisms are responsible for the complex has astable envelope and is called dense
geometries developing in other Lapla branching morphology. Its dimensiona
cian processes as well, leading to open, lity is equal to the Euclidian embedding
dimension.
random fractal patterns with D < d.
Another stable morphological phase
DLA-clusters can be considered as a
result of the above described sequence develops if there is large enough aniso
of instabilities: tip splitting resulting in tropy either in the surface tension or in
branching and competition between the the factor  of equation (3) preventing
branches due to screening. The growth the tips from splitting. Owing to the ani
process leads to an open ramified struc sotropy, directions of easy growth are
ture with a well defined fractal dimen present in which the interface proceeds
sionality (D = 1.71 in two dimensions). faster, stabilizing the tips. This is the me
If the noise is small and the screening chanism governing the regular growth of
between the branches does not prevail, dendritic crystals like snowflakes.

Fig. 2 — The effect of noise reduction on
the structure of DLA clusters grown on the
square lattice. With the decreasing amount
of fluctuations (with growing m) the
clusters consisting of 400 particles go
through asequence of morphological chan
ges (fromKertészJ. and Vicsek T, J. Phys. A
19 (1986) L257).
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Fig. 3 — Thispattern wasgrown in thecom
puter using the deterministic aggregation
model described in the text.
of the noise reduction parameter m (Fig.
2). "Noisy" DLA-clusters grown on the
square lattice are open branched struc
tures like off lattice aggregates. If the
noise is reduced, the anisotropy due to
the grid breaks through and the clusters
become cross-shaped with stable tips
reminiscent of dendritic crystals. For
large values of m even the side branches
vanish and one recovers needles grow
ing out of a centre, reflecting the geome
try of the lattice. Furthermore, noise
reduction is a suitable tool to study the
asymptotics of DLA-clusters since the
relative weight of fluctuations decrea
ses not only with increasing m but also
with increasing size.
The almost perfect symmetry and
enormous number of different snow
flakes represents a long standing puzzle.
It is quite natural to assume that this pro
blem should be treated by a technique
with no spatial fluctuations. Indeed, a
deterministic growth model designed to
provide a good approximation to the
equations (1-3) on a triangular lattice is
capable of reproducing the basic types

Fig. 4 — Dendritic viscous fingers obtained
in a radial Hele-Shaw cell with a nematic li
quid crystal between the plates for interme
diate pressures of the injected air. For lower
pressures the pattern is similar to those ob
tained in usual isotropic liquids.
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of snowflake. The process starts with a
seed particle. Then the Laplace equation
is solved on the triangular grid (providing
the sixfold symmetry). The decision
whether a particular surface site is filled
at agiven stage of the growth is made on
the basis of comparing the value of the
calculated temperature gradient at that
site with a time dependent parameter.
Typical patterns obtained by varying a
parameter of the deterministic model
during the growth are shown in Fig. 3.
According to the simulations the great
variety of dendritic patterns (like snow
flakes) produced by the same solidifica
tion process is likely to be due to the
temporal changes in such environmental
conditions as undercooling or vapour
pressure.
Perhaps the most versatile experimen
tal realization of Laplacian pattern for
mation is viscous fingering. Virtually all
the above mentioned important influen
cing factors can be investigated with
relatively small effort. The effect of the
driving force is studied by changing the
pressure of the less viscous fluid. Noise
or anisotropy can be introduced by ap
propriate preparation of the cell: ran
domly positioned hindrances are put
into the cell or a mesh is grooved onto
one of the plates.
What happens if in a Hele-Shaw cell
the viscous fluid is inherently anisotro
pic? Injecting air into a liquid crystal is a
realization of this situation. In the case
of nematics where the elongated mole
cules of the liquid have a long range
order characterized by a vector called
director, an interesting re-entrant mor
phological transition can be observed as
a function of the increasing driving
force. In this medium, radial anisotropy
is built up by the flow. For low pressure,
the shape of the interface is very similar
to the usual viscous fingering patterns
obtained with isotropic liquids. If higher
pressure is applied the tips of the fingers
are stable and the bubble becomes den
dritic, snowflake-like (Fig. 4). By further
increase of the pressure tip, splitting
sets in again, probably because the
stronger flow results in a disordered,
chaotic motion of the director, therefore
the effective anisotropy is decreasing
and the pattern has a dense branching
morphology (DBM) illustrated in Figs.
1a, d and g.
We have seen that tip splitting with
large fluctuations leads to the fractal
DLA-structure while without strong
noise the nonfractal (DBM) develops.
Viscous fingering patterns in a smectic
A liquid crystal undergo a morphological
phase transition from the DLA to the
DBM structure as afunction of the pres-

Fig. 5 — Onincreasing thepressure of injec
tedair in the experiments on viscous finger
ingin smectics acrossover fromaDLA-type
fractal interface fa) to a nonfractal, dense
branching morphology (c) can be observed
(from Horvath V., Kertész J. and Vicsek T.,
Europhys. Lett. 4 (1987) 1133).
sure of the injected air. The structure of
smectics is more ordered than that of
nematics: the aligned molecules are ar
ranged into layers which can slip on each
other determining this way directions of
easy growth of the bubble. The domain
structure of the liquid crystal introduces
an orientational disorder into the system
which leads for low pressures to DLAtype structures. The effective fractal
dimension Deff of the pattern in Fig. 5a
is 1.6, very close to the two-dimensional
DLA value. For high pressure, the flow
destroys the order of the liquid crystal
and we recover the dense branching
morphology with Deff  2.
In order to study the effects of aniso
tropy on the shape of viscous fingers
one can use an alternative approach by
engraving a mesh on the surface of the
plates. This trick was first used by BenJacob and his collaborators to obtain a
sequence of morphological changes as
a function of the increasing pressure of
injected air. Perhaps the simplest kind of
anisotropy can be introduced by etching
a set of parallel grooves on one of the
plates.
The results are quite interesting: the
morphological phase diagram (Fig. 6) of

Fig. 6 — Morphological phase diagram of
thepatterns observedinauniaxially engrav
edHele-Shawcell (V. Horvath, T. Vicsek and
J. Kertész, Phys. Rev. A35 (1987) 2353).

the system shows a variety of patterns
unexpected for such a type of anisotro
py. For example, if the pressure is low,
the growth can be stable in the "hard"
direction (perpendicular to the grooves)
and simultaneously unstable (splitting
tips) along the grooves. On increasing
the pressure the situation becomes
reversed. The effects induced by the
competition between the anisotropy
and the driving force result in a truly
complicated behaviour in this system.
The above simulations and experi
ments elucidate the crucial role of aniso
tropy , noise and driving force in the for
mation of unstable interfaces. The inter
play of these factors determines the ac
tual shape of the patterns. Although
much progress have been made in the
past few years towards understanding
the major features of Laplacian growth

phenomena we are far from being able
to explain complex morphological phase
diagrams. The open fundamental pro
blems include the existence of critical
parameters, the effect of fluctuations on
side branching or the role of temporal
fluctuations. Important future work,
both experimental and theoretical, is ex
pected in this field.
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