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Self-Organization of Turbulence
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A brief review of self-organization
with particular reference to hydrodynamic and magnetohydrodynamic turbulence

Theoretical treatments of turbulence in 
fluids and plasmas often assume that the 
turbulence is isotropic and homogeneous. 
It is also often considered that turbulence 
produces uniformly distributed chaos, even 
when starting with a coherent initial con­
dition. Recently, however, phenomena 
which do not obey these classic concepts 
have emerged. For example, in two-dimen­
sional Navier-Stokes turbulence, an organi­
zed flow or structure is found to appear 
even from a chaotic initial condition. This 
manuscript attempts to review some of the 
recent developments of a phenomenon 
called self-organization in the field of 
hydrodynamics and plasma physics.

Two-dimensional Navier-Stokes Turbu­
lence

"Self-Organization" is a process by 
which an ordered structure appears from 
initial uniformly distributed turbulence. To 
introduce the concept of self-organization, 
let us look at the classic example of two- 
dimensional Navier-Stokes turbulence. In 
1949, Onsager pointed out that two-dimen­
sional Navier-Stokes turbulence could have 
a negative temperature state as a conse­
quence of the existence of two conserved 
quantities. They are the energy and a quan­
tity called enstrophy that is the squared 
vorticity. We note that in three-dimensional 
Navier-Stokes turbulence, only energy is 
conserved. If one constructs the Gibbs 
distribution using these two conserved 
quantities, the mean squared velocity field 
(the average energy) can have a negative 
value in two-dimensional Navier-Stokes 
turbulence. This fact is related to the for­
mation of self-organization.

In 1967, Kreichman showed that the 
energy spectrum in two-dimensional 
Navier-Stokes turbulence, cascades to

longer wave-lengths and the enstrophy 
spectrum cascades to a shorter wavelength 
regime. Consequently, the energy tends to 
accumulate at the longest wavelength that 
the system can accept. When this occurs, 
the flow pattern of the fluid becomes 
ordered. The loss of entropy which results 
from the appearance of ordered structure 
in the velocity field is compensated for by 
an increase of entropy in the vortex field. 
Here it is important to recognize that such a 
process is not the consequence of a simple 
linear filtering of the high wavenumber 
modes. Since the dissipation in Navier- 
Stokes turbulence is viscous, it operates on 
the higher wavenumber modes more 
strongly than on the lower wavenumber 
modes, the higher wavenumber portion of 
a uniformly distributed spectrum can be 
linearly filtered. This can lead to a larger 
energy concentration in the longer wave-
length regime. However, the self-organiza­
tion is not a consequence of such a linear 
process, but is a process in which the non­
linear mode couplings carry energy to long 
wavelengths; therefore, the time scale 
which produces the self-organized state is 
much shorter than the linear or dissipation 
time scale.

It is possible to obtain the velocity field,
V, which is expected to appear as the con- 
sequence of self-organization. Since the 
enstrophy dissipates while the energy re­
mains constant, the self-organized state 
can be described by a variation of minimi­
zation of enstrophy ∫ ( x v)2dV with a con­
straint that the energy J v2 dV remains cons­
tant,

δ ∫ ( x  v)2d V -λδ ∫ v2dV = 0 , (1)
where λ is the Lagrange multiplier. This 
variation gives a differential equation for 
the velocity field,

 (2)

This equation can be easily solved for given 
two-dimensional boundary conditions, the 
solution giving the largest vortex pattern 
satisfying these conditions. The solution 
for a smallest value of λ, which corres­
ponds to the minimum enstrophy field, is 
the largest vortex structure that fits the 
boundary conditions. Bretherton and Haid- 
vogel in 1976 obtained a self-organized 
state of Rossby wave turbulence using the 
variational principle.

It is interesting to note that although the 
original equation is nonlinear and insoluble, 
the equation that describes the self-organi­
zed state is linear and soluble. This is 
analogous to the soliton problem where the 
soliton producing equation can be solved 
by means of linear equations. I will discuss 
the relation between the soliton and the 
self-organized state later.

As can be seen from the example of 2-D 
Navier-Stokes turbulence, self-organiza­
tion exists in a system with two or more 
constants of motion, and in addition, a 
selective dissipation among these con-
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Fig. 1a (Left) — Profile of Jupiter's mean eastward wind measured relative to Jupiter's rotations (result of Voyager 1 measurement).

Fig. 1b (Right) — Profile of Saturn's mean eastward wind measured relative to Saturn's rotation (result of Voyager 1 measurement).

stants. In the above example, the enstro- 
phy and energy are the two constants and 
the selective dissipation affects the 
enstrophy.

Magnetohydrodynamic Turbulence
In magnetohydrodynamic turbulence in 

which the kinetic and pressure energies are 
relatively small compared to the magnetic 
field energy, there also exist two constants 
of motion : the magnetic field energy and 
the magnetic helicity, ∫ A . BdV (B and A 
are the magnetic flux density and its vector 
potential). Here it can be shown that the 
energy selectively dissipates because the 
magnetic helicity has a weaker wave 
number dependency than the energy. 
Therefore, using a similar variational 
method, one can obtain the field equation 
for the self-organized state

δ ∫ B2dV -  λδ ∫ A . BdV . (3)
This equation leads to a partial differential 
equation of the form

x  B -  λ B = 0 . (4)
This shows that the current, J, is parallel to 
the magnetic field. Such a configuration is 
called force-free because the J x B force is 
zero and has been derived by Woltjer and 
later by Taylor. In particular, Taylor propos­
ed that the so-called reverse field equili­
brium of Zeta pinch is the consequence of a 
plasma achieving its minimum energy 
state. We note, that in self-organization 
the system does not necessarily reach the 
minimum energy state, as is seen in the ex­
ample of two-dimensional Navier-Stokes 
turbulence. At present, a number of experi­
ments indicate that the plasma goes 
through a violent turbulent state to reach a 
state with the field structure described by 
Eq. (4).

Rossby Wave; Drift Wave Turbulence
In 1978, Hasegawa and Mima derived a 

model field equation for the electrostatic 
potential which describes the drift wave 
turbulence in a magnetized plasma. The 
structure of the equation is analogous to 
the Rossby wave equation which describes 
the velocity field on the surface of a 
rotating planet. The structure of the equa­
tion is

—  (2φ—φ) — 
dt

[(νφxz) . ] [2φ — Ιη(n ο)] =  0 , (5)

where ηο is the plasma density. Here  is a 
two-dimensional operator perpendicular to 
the magnetic field (z). This equation is 
similar to the two-dimensional Navier- 
Stokes equation except for the inhomoge­
neous term, ln(no) which arises from the in-
homogeneity in the plasma density. 
Because of this inhomogeneous term, this 
equation admits a linear wave called the 
drift wave. (In the atmosphere this is called 
the Rossby wave and exists due to the in-
homogeneity in the Coriolis parameter.) 
The equation also has two conserved quan­
tities, energy and enstrophy. However, in 
the regime of weak nonlinearity as com­
pared with the linear wave frequency, the 
wave quantum is also conserved. These 
three conserved quantities play a very in­
teresting role in the turbulence described 
by Eq. (5).

In a strongly nonlinear regime in which 
the nonlinear term overrides the linear 
term, the energy cascades to longer wave-
lengths and the enstrophy cascades to 
shorter wavelengths as in the case of the 
two-dimensional Navier-Stokes turbu­
lence. As the energy is cascaded to longer

wavelengths thereby, the nonlinear term 
becomes increasingly weaker compared to 
the linear term, the wave nature becomes 
manifested. That is, the wave frequency 
can become larger than the nonlinear fre­
quency shift decided by the nonlinear 
mode coupling term. When this happens 
the conservation of the wave quantum 
becomes important and the energy now 
tends to cascade to smaller frequencies 
rather than smaller wavenumbers. The fre­
quency is proportional to the wavenumber 
in the direction perpendicular to the in-
homogeneity. In the case of the drift wave, 
it corresponds to the wavenumber in the 
direction perpendicular to the density gra­
dient, while in the case of the Rossby wave 
the frequency is proportional to the wave- 
number in the east-west direction. This 
tends to produce an anisotropic spectrum 
because now the energy cascades only to 
smaller wavenumbers in these directions.

The consequence of this is the formation 
of zonal flow patterns in the direction 
perpendicular to the inhomogeneity as sus­
pected by Rhines in 1975. In the case of 
plasma, periodic zonal flow appears with 
the flow velocity directed in the azimuthal 
direction while for the Rossby wave the 
zonal flow appears in the east-west direc­
tion with periodicity in the north-south 
direction. The periodicity in the north- 
south direction is given by the value of 
wave number kc at which the spectrum 
condenses. Hasegawa, Kodama and 
Maclennan have obtained this wave- 
number kc in terms of the mean squared 
potential fluctuation (φ2) of the turbulence.

kc ~ [κ2/(φ2)]1/6 , (6)
where κ is the measure of inhomogeneity 
scale, ln(no). Most recently Hasegawa ap-
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plied this result to the Jovian and Saturnian 
wind systems. Rossby wave turbulence 
can also be described by Eq. (5) if the in­
homogeneous density term is replaced by 
the minus of the inhomogeneous Coriolis 
parameter. By extending the theory which 
was derived for a constant inhomogeneity 
(constant k) in Cartesian coordinates to the 
non-uniform inhomogeneity which repre­
sents the Coriolis force on a planetary sur­
face one can obtain the variation of width 
of the zonal flow from Eq. (6) as a function 
of the intensity of turbulence.

The recent Voyager mission found both 
Jupiter and Saturn to have zonal wind pat­
terns with the wind speed approaching a 
fraction of the sound speed. By applying 
the above results to Jupiter and Saturn, 
Hasegawa obtained the width of the wind 
zones as a function of level of turbulence in 
scale height which is deduced from the 
observed wind speed. When the widths of 
the zonal flows are expressed in terms of 
their latitudinal angle θc(θ), Eq. (6) 
becomes,

where g is the constant of gravity, H is the 
scale height, R is the radius of the planet, 
Ω the angular velocity of the planetary rota­
tion and φ is the relative perturbation in 
scale height due to turbulence. Fig. 1 
shows the observed value of the wind 
speed as a function of latitudinal angle for 
Jupiter (a) and Saturn (b). When the 
observed value of the width of each zone 
are plotted in comparison with the theoreti­
cal value as obtained from Eq. (7), fairly 
good agreements are seen (Fig. 2).

From these examples it is clear that self-
organization is a process which appears as 
a consequence of the dissipation of lower- 
order conserved quantities. Therefore, self-
organization can be defined as a process in 
which these weakly conserved quantities 
dissipate at a rate faster than the linear 
dissipation rate. This can be proved 
rigorously in the examples presented here. 
In a computer simulation, it often takes a 
very long time to see the self-organized 
state. This is because of the remaining tur­
bulence which still contains many higher 
order wave numbers. In addition, as the in­
itially given energy dissipates, the Reynolds 
number is reduced, resulting in the longer 
time scale of the nonlinear mode coupling. 
Therefore self-organization might be more 
apparent in a driven system in which there 
exists a continuous input of energy to the 
system at the proper range of wavenum­
bers. The Jupiter and Saturn wind systems 
correspond to such a case.

Although both of these phenomena 
seem analogous in that some coherent ob­
ject appears as a consequence of nonlinear 
mode coupling, there exist important phy­
sical distinctions. In self-organization, the 
presence of selective dissipation is essen-

JUPITER (O) SATURN (Δ)

Fig. 2 — Dependence of the zonal width on latitudinal angle өC (ө) as predicted by theory, Eq. (7), is 
shown by the solid curve. The observed values are plotted by the circles for Jupiter and triangles for 
Saturn. both eastward and westward winds are used here.

tial, while in the soliton, the absence of 
dissipation is essential for the complete in- 
tegrability of the original equation. 
Flasegawa, Kodama and Watanabe have 
attempted to reconcile these two areas by 
studying the Korteweg-de Vries equation

with dissipation. They showed that such a 
system does have the self-organizing pro­
perty in that the lower-order conserved 
quantities dissipate at a rate faster than the 
dissipation rate and that the self-organized 
state emerges in the form of a single soliton.
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